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Abstract: In this article we examine how it is possible, in the teaching and learning of geometry, to bridge the gap
between problems involving drawings and figures, which is essential to the learning of mathematical proof. More
precisely, the way students’ drawings perception has to evolve, from Iconic Visualization to Non-Iconic Visualization
(Duval, 2005). We show that the Instrumental Deconstruction process is multifaceted and central in this evolution.
We present a theoretical framework, in relation with an experiment based on a 3D Dynamic Geometry
Environment. Based on a case study, we show that construction tasks with specific representations make the
instrumental work play a key role in the learning of geometry.
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INTRODUCTION

Drawings play a central role in the learning of geometry but they more often than not turn into an obstacle to the
learning of mathematical proof: seeing results in a diagram leads student to question the need to prove
“mathematically”. For instance, Jahnke (2007, p. 79) noted that “in an empirical study covering ca. 3000 British high
achieving students of grades 8 and 9, more than 50% chose a ‘pragmatic argument’ as warranty for the angle sum
theorem for triangles”.

We explored the reasons for this tension between “seeing on a drawing” and proving (Mithalal, 2010). One
outcome of this research supports the claim that 3D Dynamic Geometry Environments (DGEs) could provide a way
to reduce this tension: deductive geometry is needed to perform certain kind of constructions, hence mathematical
proof and construction tasks turn to be connected.

In this article, we report how these tasks may help the students use of deductive geometry, by analyzing a case
study involving 10" grade students. We develop Duval’s work on visualization and deconstructions to make it fully
operational in this context, especially by refining the Instrumental Deconstruction notion. We use the cK¢ modeling
framework (Balacheff, 2013) to analyze how construction tasks are fundamental in this process. Our intention is to
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show that it is possible to create strong and productive links between manipulation and deduction by using
construction tasks in 3D DGEs.

We first focus on the role of drawings in geometry and the skills students have to master when doing deductive
geometry. In this way, 3D geometry tasks with DGEs are promising. The second section is dedicated to show that,
contrary to some previous assumption (Duval, 2005), the learning of these skills can be done continuously, and that
Instrumental Deconstruction plays a pivotal role. Then, to understand this role, we refine this notion and show that
two types of Instrumental Deconstruction are involved in the learning of geometry.

1. WORKING WITH DRAWINGS IN GEOMETRY

1.1. GEOMETRICAL OBJECTS, FIGURES AND DRAWINGS

The drawing problem is multifaceted:

“Diagrams in two-dimensional geometry play an ambiguous role: on the one hand, they refer to theoretical
geometrical properties, while on the other, they offer spatio-graphical properties that can give rise to a
student’s perceptual activity. Students often conclude that it is possible to construct a geometrical diagram
using only visual cues, or to deduce a property empirically by checking the diagram. When students are
asked by a teacher to construct a diagram, the teacher expects them to work at the level of geometry using
theoretical knowledge, whereas students often stay at a graphical level and try only to satisfy the visual
constraints.” (Laborde, 2004, p. 2).

However, a strict opposition between manipulation of drawings and abstract reasoning would be too simplistic. As
Parzysz (1988) noted, students’ activity in geometry involves “seeing” as well as “knowing”; it is a mix of
observation and deduction.

Research on the learning of geometry raises the question of understanding the nature of geometrical objects and of
the role they play in discussing and establishing the validity of a statement. At the core of this question is the
“double nature” — figural and conceptual — of geometrical objects which led Fischbein (1993, pp. 148-149) to coin
the notion of figural concept emphasizing the close link in geometry between ideal objects and their concrete
representations. But, as Fischbein noted, the use of the word “figure” is ambiguous. He himself chose to denote by
the expression “geometrical figure” the mental image “the properties of which are completely controlled by a
definition” (ibid.). Because we will not explore mental images, we will adopt in this article the distinction made by
Laborde and Capponi (1994, pp. 168—-169), between drawings and figures which extends Fischbein’s choice and will
facilitate our analysis. Following Laborde and Capponi, a figure is the association of a theoretical referent defined by
the conjunction of geometrical properties, the geometrical object, and a set of drawings, its representations. Hence
a drawing can be considered for itself, as a graphical object, or as one of the possible representation of a
geometrical object. Then, solving geometry problems is neither purely experimental nor purely deductive, but it
involves going back and forth between both (Parzysz, 2006, p. 128).



Studying the role of drawings as constraints in the learning of geometry, Chaachoua (1997) distinguishes two
functions:

1. Anillustration function: Drawings can illustrate the problem’s statements, eliciting hypothesis, or can point
to elements which could be relevant for the resolution. (ibid.p.32-34)

2. An experimentation function: drawings provide a field where a large part of the resolution is caried out,
experimentally. Working on drawings involves identifying new sub-figures or relations, making or testing
conjectures, etc. This use of drawings is specific to the heuristic phase of the problem solving process. (ibid
p.35)

Chaachoua (1997, pp.42-45) showed that to students’ eyes, drawings could either represent nothing but
themselves, represent another material object, or stand for a geometrical object (considered conceptually). In the
latter case, they are only means supporting geometrical activities. Duval (2005) makes it more precise, explaining
that there are two modalities of visualization which guide the exploration and the interpretation3 of a drawing: the
iconic and the non-iconic.

Iconic Visualization is the most spontaneous approach to a drawing; it means that one recognizes an object because
its shape is similar to an already known object. This is why some students identify a square as a rhombus, but not as
a square (Fig. 1). They cannot, as well, modify or analyze a drawing: adding lines changes the appearance, and
hence the nature of the related object. Duval (2005) shows that as this is the usual way of visualizing, pupils tend to
keep working with Iconic Visualization. Chaachoua’s work demonstrates that being able to use nothing but this kind
of visualization is an obstacle to mobilizing deductive geometry, as it involves experimental work and analytic study
of the drawings.

Figure 1: A square, a rhombus and “something from a square” (Iconic Visualization)

To Non-Iconic Visualization, a drawing is nothing but one of the representations of a geometrical object. Shape
and appearance are no longer fundamental characteristics, as the drawing is seen as the assembly of lower
dimension components, the figural units (points, lines, segments, circles). Therefore, there is no contradiction
between modifying a drawing and considering that it remains a representation of the same object. But passing from
Iconic Visualization to Non-lconic Visualization is neither easy nor natural. Duval (2005, pp. 45—48) stresses that
going from high dimension objects to lowers components is the most common spontaneous way of visualization,
whereas identifying first inner components in order to recompose bigger ones is specific to mathematics and needs
training. This dimensional hiatus is an important obstacle to the learning of deductive geometry.

In this case, seeing means both perceiving and interpreting what is perceived. We will keep this meaning for “visualization”.



1.2 THE ROLE OF VISUALIZATIONS AND DECONSTRUCTIONS

Duval (2005, pp. 16-17) explains that using drawings in order to solve geometry problems involves three distinct
operations: Mereological Deconstruction, Instrumental Deconstruction and Dimensional Deconstruction. We will
not use the first type which corresponds to “heuristic breaking down of the shapes” (Laborde, Mithalal, & Restrepo,
2009, p. 5), but focus on the two others which relate drawing and discourse:

- Instrumental Deconstruction answers the question “How is it possible to produce this drawing with a given
set of tools?”. A drawing is considered as the result of a construction process associated with a geometrical
object. For instance, an Instrumental Deconstruction of a rhombus could be: “construct a segment [AC],
the perpendicular bisector of this segment, B and D belonging to this perpendicular bisector so that
AB=AD". Properties of the object may appear more “mechanical” than “geometrical”.

- Dimensional Deconstruction is a discursive interpretation: a figure is considered as a set of figural units
linked by a set of geometrical properties, and the drawing is analyzed accordingly. A rhombus is now “four
distinct points A, B, C, D, with AB=BC=CD=DA”. This does not refer to a process, but it is based on the
properties of the geometrical object; discourse is the main representation of the geometrical object.

We can notice a connection with the ”drawing"4 Vs “constructing” distinction (Healy, Hoelzl, Hoyles, & Noss, 1994).
Iconic Visualization-based strategies focus on the shape and its perceived features; it guides the production of a
drawing which “looks” right. Dimensional Deconstruction requires a theoretical approach and the use of
geometrical properties; the interpretation it provides of the graphical objects may lead to a “constructing”
characterization — no matter the size or the orientation, the important point is that the figure cannot be “messed
up”. Nevertheless, the deconstructions are not about effective processes students perform, but about the
mechanism involved in their treatments of the drawings. Therefore, Instrumental Deconstruction can be either
dedicated to reproducing a given shape — and in this case it is close to the drawing process —, or to using

mechanical properties linked to instruments, in which case it is close to the constructing process.

Visualization and deconstructions differ in nature but have strong links. Visualization deals with the perception of
drawings. Deconstructions are processes involved in their analysis. Dimensional Deconstruction connects drawings
to geometrical objects, hence bridging the gap between drawing and proving, while Instrumental Deconstruction
lays the ground for the problem-solving process. Non-Iconic Visualization is a necessary condition for Dimensional
Deconstruction to be operational, which itself is an unavoidable tool to engage in deductive geometry and the
construction of intellectual proofss.

Duval (1994, 2005) claims that the transition from the geometry of drawings to the geometry of figures, which is
necessary to the learning of mathematical proof in geometry, requires the double transition from Iconic
Visualization to Non-iconic Visualization, and from Instrumental Deconstruction to Dimensional deconstruction.

“A reviewer drew our attention to the fact that “in the United States, with DGS, "draw" means to make a figure that "looks right".
"Construct" means to make a figure that is right due to how it is constructed and hence cannot be "messed up".” In this article, we use
“draw” to denote the production of a drawing in whatever way (sketching or constructing), and we use “construct” for the production of a
drawing carefully using instruments and/or knowledge with the intention to be right (but sometimes being wrong).

® By “intellectual proofs” we mean “[proofs] which use verbalizations of the properties of objects and of their relationships [...]it requires a
genuine construction of language means as an operative tool. The problem-solver must be able to use language and symbols as means to

compute on statements and relations.” (Balacheff, 1988, p. 285)



Duval (1994, 1999, 2005) considers that the two deconstructions are distinct processes: each has to be taught
separately with specialized activities. On the contrary, the case study we report in this paper will demonstrate that
it is possible to bridge the gap between both, and to make Instrumental Deconstruction and Dimensional
Deconstruction the two sides of a single problem-solving process. We will show that students can be led to using
Non-Iconic Visualization because of the failure of Iconic Visualization, and that analyzing the role of the artifacts
helps to understand why Instrumental Deconstruction and Dimensional Deconstruction can be strongly linked. In
the remainder of this paper, section 2 will be dedicated to show the continuum between both deconstructions, and
section 3 to refine the notion of Instrumental Deconstruction.

1.3 USING 3D-GEOMETRY: WHY, WHAT FOR, HOW?

Two dimensional (2D) representations of 3D geometrical objects raise several visualization issues. First, it is no
longer possible to confuse the representation with the object itself. Secondly, one cannot rely confidently on the
visual information, as perception can be misleading. Then, the analysis of the relation between the representation
and the associated object necessarily involves reconstructing the latter using properties of low dimensions units
(e.g. lines, points) of the former. These issues make Iconic Visualization insufficient for 3D geometrical problem
solving, opening the possibility for Non-Iconic Visualization to emerge as a way of restoring the capability of
perceiving reliable information. This emergence is very complicated in a paper-and-pencil environment. However,
the access to 3D geometry can be facilitated by the use of DGEs which allow the representation and the direct
manipulation of 3D geometrical objects (Chaachoua, 1997, p. 265). We have chosen Cabri 3D° which has such
characteristics, allowing the construction and the manipulation of drawings simulating 3D geometrical objects.

1.3.1 DRAWINGS AND TOOLS IN CABRI 3D

Cabri3D drawings are images on a computer screen simulating 3D geometrical objects, which means that it is
possible to manipulate what appears first as a 2D representation but which behaves when manipulated with
properties evoking the third dimension. The user can continuously change the point of view of the objects by
manipulating one of its component. The third dimension is simulated by a “fog effect” that makes objects
progressively fade away while they are increasingly distant. As a screen is flat, moving a point in space has been
split in two operations: in a plane parallel to (xOy) with constant z coordinate, or following a parallel to the (0z) axis.
The combination of various views of the same object allows the user to detect misleading perceptions of the 2D
representation and lowers the risk of attributing some wrong properties to the geometrical object (fig.2).

Figure 2: Moving a drawing to get more reliable visual information

® Cabri 3D is a Cabrilog software. More information available here: https://cabri.com/fr/cabri3d/



Following the design principles of DGEs, a drawing keeps the properties underlining the geometric properties used
to produce it when any of its free point is moved on the surface of the screen.

CABRI3D AS A MILIEU TO STIMULATE GEOMETRICAL REASONING

DGEs, as geometrical computer-based environments whose design principle is the direct manipulation of the
representations of geometrical objects, share common characteristics but also differ in many ways either in by the
choice of the functionalities or the look and feel of the interface. Hence we will use the concept of milieu” of the
Theory of didactical situations (Brousseau, 1997, pp. 226-249) in order to indicate our focus on one key feature that
these environments have in common: the nature of the feedback they provide following the direct manipulation of
base elements of a representation (Laborde, 1993). Every DGE allows dragging points and modifying a drawing with
respect to the geometrical properties underpinning its construction; this construction is then pragmatically valid
when it cannot be messed up (Healy et al.,, 1994; Laborde, 1993). This characteristic makes DGEs relevant
environments to set a milieu for teaching figures (Laborde, 2000; Laborde & Capponi, 1994) and introducting the
dialectic of conjecturing and proving (Baccaglini-Frank & Mariotti, 2010).

This study reported here has been carried out as part of the scientific programme of the Cabri-geometry research
group; it used the Cabri3D DGE.

Cabri3D makes it possible to design elementary construction tasks, not requiring at first high geometrical
knowledge. However, any user soon realizes that mere perception is not sufficient in order to get reliable
information. For instance, it is hardly possible to construct a cube-looking polyhedron only by adjusting the position
of the points, whereas it is very easy to construct a square-like polygon using this strategy in a 2D DGE. Since visual
information is not sufficient to ensure the correctness of constructions or to get information, geometrical
knowledge and geometrical reasoning are necessary. The complexity and the fundamental character of the dragging
process (Hatterman, 2008) should favour the move towards both Non-inconic visualization and Dimensional
deconstruction, hence stimulating the transition to geometrical reasoning and intellectual proof. This is what we
will illustrate and analyze in the remaining of this article.

2 BRIDGING THE GAP BETWEEN THE TWO DECONSTRUCTIONS: A CASE STUDY

The following case study aims at describing the continuum between Iconic and Non-lconic Visualization. We
examine the role of Instrumental Deconstruction in this change of the visualization process, and how it eventually
provokes the use of Dimensional Deconstruction. We use the data gathered from an experiment detailed in
Mithalal (2010)%.

” The concept of “milieu”, from the Theory of Didactical Situation, refers to the “system opposing the taught system” (Brousseau, 1997, p.
57). In other words it is this part of the environment wich is meaningful from the perspective of the learning stake by the kind of feedback
it provides to the student. “That is to say that the student’s answer must not be motivated by obligations related to the didactical contract
but by adidactical necessities of her relationships to the milieu” (ibid.).

® The experiment was carried out in French classes, so the transcripts in this article are our own translation. For the French original
transcripts, see Mithalal (2010).



2.1 CONTEXT OF THE STUDY

The experiment was carried out with four classes of French 10t grade students, working by pairs on Cabri3D
activities. These students had a limited experience with 3D geometry and elementary shapes. A first one hour
session was dedicated to learning how to use Cabri 3D, and the second which we analyze here, was a construction
activity. Our analysis is based on the records of each pair of students’ voices and on their activity by video recording
the screens, transcribed afterwards.

The task was the following:

Let ABCDEHGF1F2F3 be a truncated cube (Fig. 3).Find as many ways as

possible to construct the missing vertex’, and describe each method in a
few words.

The point A can be manipulated. Even after the little training they had
received, the constraint on whatever solution they came up with was clear
to students: the cube they obtain by constructing the missing vertex must
remain a cube whenever dragging A.

g

Figure 3: The truncated cube students had to complete

With such a task, Iconic Visualization would lead to accept the construction of the missing part of the shape
without considering geometrical properties, but it will be immediately messed up by dragging the point A. On the
contrary Non-lconic Visualization could lead to use the cube properties (such as symmetry) to construct F, hence
meeting the DGE basic criterion which is to get a robust result when manipulating free points. On the basis of an a
priori analysis, four distinct interpretations corresponding to specific resolution strategies were identified (Mithalal,
2010, p. 149):

1. To draw the missing part so that the result looks like a cube;
2. To draw the missing part so that the result looks like a cube and keeps the same measures as the original;
3. Todraw a point using a construction procedure that fits with a cube;

4. To construct a point linked to the truncated cube with its geometrical properties.

In French vertex is “sommet”, which has not only a mathematical meaning but also a meaning in everyday language, namely, “summit”.



2.2 CONNECTING ICONIC TO NON-ICONIC VISUALIZATION AND INSTRUMENTAL TO DIMENSIONAL

DECONSTRUCTION

This subsection aims at showing the differences between visually controlled drawing (corresponding to lconic
Visualization), Instrumental and Dimensional Deconstructions, and to analyze their potential relations. For this
purpose, we will use excerpts of full transcripts available in Mithalal (2010). We will give only a partial account of
the students’ exchanges and indicate their timing in order to alert us that these are not continuous dialogs, but
illustrating sentences. This data has been analyzed in Mithalal (2010), identifying precisely the pupil’s strategies and
the related conceptions. We will describe the evolution of these conceptions during the solving process by using the
excerpts to illustrate the identified evolution.

2.2.1 FROM ICONIC TO NON-ICONIC VISUALIZATION

Even when a solution is based on Iconic Visualization, as it is illustrated by the case of Ludovic and Pierre quoted
below, students may use Cabri3D geometrical tools in an attempt to lower the randomness of the action they
performed (Mithalal, 2010, p. 163).

Pierre and Ludovic tried to construct the shape relying on a visual monitoring of their action on the screen. They
spent about 25 minutes trying to locate the right place of a point. They concluded after unsuccessful trials that is
was impossible, and decided that they needed another method:

16’06, Ludovic: Anyway, we can’t see anything.
21’57, Pierre: It looks good, and when it moves, it looks like nothing...

26’22, Pierre: We have to find another solution.

Their aim remained that “it looks good”, but they realized that the means for it had to be improved. They then tried
various methods, including intersecting the three truncated edges (two would have been enough), constructing
parallels, or using vectors (they failed).

The dominant approach, determined by Iconic Visualization, was to try first to complete the shape. But the failure
of this approach pushed students to use the construction tools of Cabri 3D. To do so they needed to break the cube
down in order to identify figural units, hence switching to Instrumental Deconstruction. Iconic Visualization and
Instrumental Deconstruction worked together for two distinct but complementary purposes, the former providing
perceptual assessment of the outcomes of the latter. As a consequence, the students moved step-by-step to
Non-Iconic Visualization.

2.2.2 CONNECTING INSTRUMENTAL TO DIMENSIONAL DECONSTRUCTION

The central place of construction tools and direct manipulation could orient the students activity towards
Instrumental Deconstruction, thanks to what could be described as a mechanical conception of the DGE. However,
as the tools made available by such a software can be read as reification of geometry primitives, Dimensional
Deconstruction could prove useful for anticipating the strategies and their validity, and grounding argumentation.

This is illustrated by the case of Marie, Paul and Julie. These students first decided that “reconstructing the cube”
was not sufficient and that they had to draw the missing part.

13’19, Paul: Maybe we should try with a point, just a point here, at the right place.
13’24, Marie: But in this case you leave it to chance!

13’27, Paul: No! I mean, yes! Well, you make it...



Their problem was to be sure that the construction was correct, and they eventually decided that it was
“approximately good”, which was enough for them. Marie’s objection was about the ways of controlling the
position of F, so they decided to use constructing functionalities of the software, such as edges intersections or
symmetry. During half an hour, the correctness remained determined by the visual aspect of the shape (lconic
Visualization) and the robustness when moving free points (Instrumental Deconstruction).Then they succeeded in
constructing F by intersecting 3 edges (Fig. 4, left picture).

Later, they tried another solution by constructing a figure symmetric to the truncated cube, and using it to construct

lines (Fig. 4, 2nd&3rd pictures). Deciding whether this last method was really new or not, turned to be a
Dimensional Deconstruction problem:

25’46, Julie: Look, you construct the same™ next to it. You'll see, the shape will do schlack, schlack, you
see it will be a rhombus. Then, you use from this one to that one. To its symmetric. Then, you only
have to do this,... Then you create the line, and you make it

31’50, Marie: Wait, wait, because | just thought about it: the [second] cube is absolutely useless...
32’14, Pierre: Yes, in fact you just did the same!™

32’15, Marie: Exactly. That’s it: you just added a cube on the two sides.

R LR W

Figure 4: Construction with three lines or with the symmetrical of the cube.

L

The result was visually different from the former one, and so was the construction process although they used
the same lines. The students decided that this solution was identical to the previous one (Fig. 4, left picture), not
because of the shape or the construction process, but because they used the same lines. Thus, their interpretation
of the strategies turned to be based on Dimensional Deconstruction. This shows how Instrumental Deconstruction
and Dimensional Deconstruction can be strongly linked. Dimensional Deconstruction facilitates the design of the
construction process and evaluating its validity. Instrumental Deconstruction problems make Dimensional
Deconstruction (hence geometrical knowledge) play a greater role.

% The same truncated cube, symmetrical to the original one with respect to (ABC)
™ Julie described how to construct F as an intersection of two lines.
2 The same as the previous method, which was the intersection of two edges



2.2.3 THE PIVOTAL ROLE OF INSTRUMENTAL DECONSTRUCTION

These examples illustrate the two main reasons for the evolution of the students’ activity:

- First, students look for more reliable ways to act and for more efficient visual monitoring.
- Second, they need to better anticipate and manage their actions.

In the first case Instrumental Deconstruction renders reliable and efficient an approach initially based on Iconic
Visualization. Then, Instrumental Deconstruction turns to be the operational side of the Dimensional
Deconstruction, which itself provides the needed geometrical grounds required to justify the construction process.
It .strongly modifies the way problems are addressed, becoming more theoretical, which makes deductive geometry
meaningful.

Nevertheless, such evolutions are difficult to describe and to analyze because the data related to these two roles of
the Instrumental Deconstructions are similar. The same processes might be used with different purposes, and a
similar aim may generate different strategies. To get a more accurate view, we used the cK¢ model which accounts
for the tight relationship between operators, instantiated by students’ actions which are observed, and the
associated controls which motivate or justify their use.

3 INSTRUMENTAL DECONSTRUCTIONS

In order to understand how small variations of the students’ means may indicate greater evolution of their purpose,
we will highlight here two kinds of Instrumental Deconstructions. For this we will use the cK¢ modeling framework
to analyse data in a precise way, relating action and control along a problem solving process in relation to the
students conceptions. The following section introduces shortly the cK¢ framework.

3.1 CONDITIONAL ACTION VERSUS CONTROL

The cK¢ modeling framework (Balacheff, 2013) is based on the Theory of Conceptual Fields (Vergnaud, 2009) and on
the Theory of Didactical Situations (Brousseau, 1997). This model accepts the postulate shared by these theories
stating that the first aspect characterizing a piece of mathematical knowledge is the set of problems it allows to
solve. This set directs the students conceptions and grounds their legitimacy. This situated nature of ways of
knowing in mathematics is recognized since the seminal work of Vinner (1983), and Confrey (1990). Their critical
analysis of the research on misconceptions led to the adoption of the generic term “conception” (ibid. p.29). In this
context, the cK¢ model considers a conception not as a student’s characteristic, but as a property of the interacting
system formed by the student and a milieu with which he or she is acting and interacting (Balacheff, 2013, p. 6). It
characterizes it by the conjunction of four elements: its domain of validity (a set of problems), the representation
system it mobilized (possibly blending several semiotic systems), the set of operators which are available to
contribute to solving problems, and the control structure which provide means to make choices, assess feedback,
take decisions, and judge the advancement of a problem solving process.

We focus for this case-study on the interactions between operators and controls, considering that the dimension of
the representation system, which consists of a combination of natural language and Cabri3D representations and
associated tools, is common to all observed pair of students. The identification of operators and controls is based
on a close analysis of the students discourse, identifying the utterances and their evolution, and the related actions
at the interface of the DGE™.  An issue when performing this analysis is that some controls and operators may look

B For a complete presentation of the cK¢ model, the reader is invited to refer to Mithalal (2010, Appendix pp. 11 — 26).
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the same (Pedemonte & Balacheff, 2016, p. 121). For instance, “the symmetrical image of a segment S, is a segment
S, whose extremities are symmetrical to the extremities of the segment S,” could work either as an operator (To
construct [A’B’]=Symd([AB]), link A’=Symd(A)to B’=Symd(B)) or as a control (The symmetrical image of a segment is

another segment whose extremities are symmetrical to the extremities of the initial one). This correspond to the
dual nature, operational versus predicative, of knowledge pointed by Vergnaud (2009). In order to decide which of
the two meanings to consider for a single utterance, we took the following criterion: if, based on the observed
behavior and recorded discourse, an utterance could be represented by a formula of the form: [Statement; =
Action] we classified it as an operator, but we classified it as a control if it could be represented by a formula of the
form: [Statement; = Statement;]. Indeed, operators are easier to identify because of their observable
materialization as behaviors often associated to discourse, and explicit interaction with the milieu whereas controls
are often left implicit. However a well designed experiment involving social interaction facilitates their identification
as they are more likely to be made explicit during the verbal communication between students as to their reasons
for their choices and decisions.

Controls play different roles at different phases of the problem-solving process:

(1) In aninitial phase, controls determine the type of problem, a set of possibly adequate operators (a selection
function (Vadcard, 2000)), and a priori reasons for the relevance of a strategy.

(2) During the resolution phase of the problem, referent controls “regulate the anticipation of the action and
the adequacy between the expectations and the results” (Gaudin, 2005, p. 153).

(3) In afinal phase, controls provide a posteriori assessment of the validity of a solution.

The analysis of phase (2) requires a special attention in order to distinguish operators from controls. During this
phase controls provide information about the coherence of an approach and its possible evolution. Phases (1) and
(3) are more about how geometry problems are considered by students, and the level of proving they engage in.
The analytical tool provided by cK¢ facilitated eliciting the way Instrumental and Dimensional Deconstructions
shape the problem solving process and evolve as levels in the transition from pragmatic proofs (based on drawings)
to intellectual proof.

3.2 THE IMPORTANCE OF IDENTIFYING CONTROLS BEYOND THE OBSERVED BEHAVIORS
In this section we show that identifying the Instrumental Deconstruction is insufficient to interpret the strategies of
the students.

Let us go back to the case of Pierre and Ludovic. They constructed the lines from the truncated edges, then their
intersection”, and filled in the cube so that “it looks like a cube”. From a mathematical point of view, the three lines
were useless but needed in order to complete the shape. Then Pierre and Ludovic added the three “missing”
triangles, confirming their focus on the shape (Fig.5).

% Cabri3D provides the user with an “intersection” tool, that constructs the intersection of two objects. It is not obvious that it does not
construct the intersection of the three lines, as it only displays a message saying “this intersection point”.
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Figure 5: Trying to draw the missing part of the cube with 3 lines

Another group of students, Marie, Paul and Julie, followed the same construction process: construct the lines from
the truncated edges, then the intersection. They engaged in this strategy at the very beginning:

3’11 [Marie created a straight line on a truncated edge.]

3’19, Paul: Tell me what you’re doing!

3’20, Marie: You perfectly see what I’m doing.

3’22, Paul: Yes, you put a line, but explain us what you want to do.
3’23&3’27 [Marie created the two other lines.]

3’28, Paul: Ok, and then?

3’30, Marie: And then, you think I’m stupid! Don’t you see the cube is done?

Marie intended to draw the missing corner so it looked like a cube. Her interpretation and final control was:
Oyisua=[The aim is to construct an object = The result has to look like the referent shape]. This control is related
to a drawing process (Healy et al.,, 1994) which is typical of Iconic Visualization, as was Pierre and Ludovic’s.
Both groups used similar operators: rin.=[construct a line on a segment = select the ‘straight line’ tool and
left-click on the segment] and ryiange=[construct a triangle = select the ‘triangle’ tool and left click on the three
vertices]. These operators do not require theoretical control, and can be performed purely visually. The key
difference between these groups is that, in order to control the construction process, Pierre and Ludovic only
used 0y, Whereras Marie’s work indicates that she could anticipate the validity of her construction. This
anticipation was necessarily based on non-visual control backed by known geometrical properties, and then on
Dimensional Deconstruction: opp=[The aim is to construct an object = The tools to be used are those
corresponding to the objects’ geometrical properties].

Even if the procedures and their outcomes are very similar, focusing on controls reveals significant differences:
Marie, Paul and Julie considered that the exercise was about the shape, but they could use geometrical knowledge
as tools for controlling their actions. On the other hand, Pierre and Ludovic failed when geometrical controls were
needed. With the same aim to reproduce a shape, two Instrumental Deconstructions underpin processes differing
in the nature of their associated controls, namely, (1) visual control (Iconic Visualization), (2) geometrical controls
(Non-iconic Visualization).

3.3 EVOLUTION OF THE INSTRUMENTAL DECONSTRUCTION

As illustrated by the former cases, on the basis of the controls involved, it is possible to distinguish two types of
Instrumental Deconstruction. The first one [Instrumental Deconstruction / Iconic Visualisation] involves
shape-based controls, that is Iconic visualization, the other one [Instrumental Deconstruction / Non-Iconic
Visualisation] is based on geometrical controls, that is Non-Iconic Visualization. Of course, these are types and for
instance we may consider in the above examples, that Pierre and Ludovic used [Instrumental Deconstruction /
Iconic Visualisation] but that Marie was midway between the two types.
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The identification of these types of controls provides good indicators of the evolutions of the student’s activity, and
of the way they may move towards Dimensional Deconstruction. Let us go back to the case of Pierre and Ludovic,
decomposing it into successive strategies.

1. Initial strategy

The first objective of Ludovic was to draw the missing vertex of the cube by creating a point and dragging it at the
right position. To do so he could use the operator r=[create a point = select the ‘point’ tool and left-click on the
screen]. The point was then dragged at the right place, using visual control. This strategy was based on Iconic
Visualization, and the a priori referent and the a posteriori controls were identical (0is,a). Ludovic used another
control Gpint of view=[The aim is to construct an object = The result has to look like the referent shape when
changing the viewpoint]. This control is close to 0y, and it is still based on Iconic Visualization, but it is a good
way to get more reliable information on the results. This information made them realize that the shape was not
correct (“It looks good, and when it moves, it looks like nothing...”) and they had to find another strategy to draw
the shape correctly.

2. Borrowed strategy

The new strategy was borrowed from other students (27°25: “We’ll do the same as they do! Look at their
solution!)”. The successful construction they saw on the screen of the other students was enough for them to justify
their new strategy, constructing lines and intersections (rji,e and Tintersection=[construct an intersection point of
two lines = select the ‘point’ tool and left-click on the lines intersection]). It was carried out step by step, using the
Cabri3D tools so that the result looked like a cube; the initial and final controls were still visual.

3. Alternative strategies

In search for another strategy, they kept the objective of constructing an intersection point of lines based on the
truncated edges, but with different Cabri-tools than for the borrowed strategy. To do so, they tried the parallel tool:
I'parallel=[construct line on a truncated edge, parallel to another edge = select the ‘parallel’ tool, left-click on the
edge giving the direction, and on the truncated edge]. Even if visual control was still possible, this operator required
a control based on geometrical properties of the cube: O pe edges=[The aim is to construct a line on a truncated edge
= This line is parallel to other edges]. This control needs the identification of figural units and geometrical
properties, hence a move towards a Dimensional Deconstruction which required a Non-iconic Visualization.

To succeed in the task based on [Instrumental Deconstruction / Iconic Visualisation], visual control was fundamental
for Pierre and Ludovic, and was supported by the use of Cabri3D’s tools. This control didn’t allow them to succeed,
and the DGE feedback gave evidence to their failure hence made them look for more reliable strategies. These
strategies were based on geometrical tools which could be controlled with oy, at the graphical interface of the
DGE. Pierre and Ludovic tried to use the tetrahedron tool and, again, the feedback showed them that they were
wrong. They failed again trying to use vectors, but were more successful using “line on segment” or “parallel” which
were easier to control, possibly due to better knowledge and visual feedback. They gradually used more and more
complex geometrical tools, and in this way the Instrumental Deconstruction evolved. At the beginning, it was based
on experimental trials and error and required o,,,. Step by step, they started to take into account relations
between figural units (for instance with Gcupe edges), SOMe of them being visible (intersections), others not (vectors).
This was a first step towards Non-Iconic Visualization, and some of the referent controls were based on Dimensional
Deconstruction. Nevertheless, as they couldn’t use any other control but visualization, they failed when trying to
use more elaborated strategies.
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This evolution lasted one hour, and we cannot assume it to be a stable evolution. Nevertheless, this identification of
operators and controls brings out the progression from [Instrumental Deconstruction / Iconic Visualisation] to
[Instrumental Deconstruction / Non-Iconic Visualisation] which appears to be, at the same time, both complex and a
key to students move from drawings to figures.

DISCUSSION

Our aim in this article was to clarify the relations between Iconic Visualization and Non-iconic Visualization,
between Instrumental Deconstruction and Dimensional Deconstruction. We also tried to understand how
constructions tasks in a 3D DGE, by creating an “intellectual need” (Harel, 2008, p. 488), may stimulate students’
move from drawings to figures which is an essential step towards mathematical proving. To do so, we had to refine
methodological and theoretical tools.

Following Duval’s (2005) work, we recognize that perception plays a key role in the mathematical work of the
students. However, in order to connect the working on the drawings to identifying or representing geometrical
properties, the students must be able to perform specific operations, Instrumental Deconstructions and
Dimensional Deconstructions, that require a change in perception and the use of Non-Iconic Visualization.

Duval (2005, pp. 19-20) considered that these two deconstructions are too different to be connected. On the
contrary, our case study shows that it is possible for students to move towards Dimensional Deconstruction, and at
the same time towards Non-Iconic Visualization, by a specific use of Instrumental Deconstruction.

Based on a 3D DGE, the task we designed played a crucial role in this process. It rendered visual information less
reliable, and then disqualified Iconic Visualization. The direct manipulation features of the DGE facilitates working
on the drawings with empirical strategies, but the reproduction task design makes it inefficient. Finally, the DGE
tools based on geometrical properties shed light on the figural units and their relations, so that the Instrumental
Deconstruction comes to be strongly linked to the geometrical objects. This transition opens the possibility of a
move from pragmatic proofs to intellectual proofs, which remains to be confirmed by specific research.

As a preliminary work, we had to characterize more precisely the way students’ work changed. We used the cK¢
modeling framework to refine the analysis by distinguishing the evolution of the operators and controls involved.
Our case study showed that it is possible for the pupils to use more efficient operators, without a fundamental
change of the control system. On the other hand, such a change has to be interpreted carefully, as very similar
construction processes may mean very different things about the student’s ability to engage in Dimensional
Deconstruction. It therefore makes sense to distinguish two types of Instrumental Deconstruction, the first one
more related to Iconic Visualization, the second one to Non-Iconic Visualization. This allows to theoretically consider
the possibility of a continuous evolution between the two kinds of visualization.

In conclusion, this case study shows that it is possible to design specific tasks to provoke the need for intellectual
proof. The construction tasks we used, based on a 3D DGE, provided opportunities to facilitate the gradual
transition of students’ focus from drawings to figures, which have direct consequences for the teaching of
mathematical proof. As in this case Iconic Visualisation was no longer reliable, there was an intellectual need for
ways of controling actions independently from sight, in order not to “leave it to chance” (Marie, p.10). The
evolution from [Instrumental Deconstruction / Iconic Visualisation] to [Instrumental Deconstruction / Non-lconic
Visualisation] was a response to the problem raised by the milieu: how is it possible to be confident in a given
construction process? A priori theoretical control of the constructions came to be needed.
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Once they changed their construction process control, students also changed their interpretation of what “a new
strategy” could be, now based on dimensional deconstruction (see p.8). There were no practical reasons to do so, as
this could have been based on the construction process, but the situation raised an “intellectual need [...]
inextricably linked to another notion: epistemological justification” (Harel, 2008, p. 488). In this way, such a task
raises the need for intellectual proof. It made its subsequent teaching and learning required and meaningful.
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